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An EfficientParallelFinite-Element-BasedDomainDecomposition
IterativeTechniqueWith PolynomialPreconditioning

Yu Liang ∗, Ramdev Kanapady† andKumarK. Tamma‡

Abstract

An efficient parallelfinite element-baseddomaindecompositioniterative techniquewith polynomialprecondi-
tioning with particularattentionto the GMRESsolver is presented.Unlike the standardrow-orientedpartitioning
of a matrix, finite elementbaseddomaindecompositionwith polynomialpreconditioningcircumventstheassembly
of matrix, reorderingof matrix, redundantcomputationsassociatedwith the interfaceelements,numericalproblems
associatedwith local preconditioner, andcostlyglobalpreconditionerconstruction.A dramaticreductionin parallel
overheadboth in termsof computationandcommunicationresultsin a highly scalablesolver. Theparallelperfor-
manceresultsfor large-scalestaticanddynamicproblemson theIBM SP2andtheSGIOrigin arepresented.

Keywords: GMRES,domaindecomposition,distributedformat,polynomialpreconditioner, finite element,linear
equations.

1 Intr oduction

Paralleliterativesolversarebetteralternativethantheparalleldirectsolversfor large-scalefinite elementcomputations
[1, 2]. Numericallyscalabledomaindecompositionbasedsolverssuchasfinite elementtearingandinterconnecting
(FETI) method[3,4] arebettersuitedfor highlyparallelfinite elementcomputations.Thishoweveris mainlyrestricted
to symmetricalsystemarisingfrom finite elementformulationsfor solid andstructuralmechanicsbasedapplications.
The iterative solverssuchasGMRESmethod[5] areaneffective methodfor iterative solutionof specificclassesof
un-symmetricandsymmetriclinear systemsarisingfrom finite elementformulations[1]. The rateof convergence
of the iterative algorithmsis governedby the conditionnumberof the linear systems,which increasesdramatically
for finite elementmatricesas the meshsizedecreases.As a result, an efficient preconditioneris requiredfor the
solutionof the linear systems.Finite element-edgebaseddomaindecomposition(DD) providesan intuitive while
powerful framework for the parallel formulationof finite elementmethod(FEM) [6]. Within this DD framework
providing an efficient preconditionerfor an iterative solver is a challengingtask. The SparseApproximateInverse
(SPAI) [7] anddiagonalpreconditionersarecommonlyusedpreconditionerfor parallelformulations.However, SPAI
is notsuitablefor finite elementedgebaseddomaindecompositionstrategies[8] anddiagonalpreconditionersarenot
effective enoughto reducethe numberof iterationsfor large-scalecomplex problem. IncompleteLU factorization
(ILU(k)) [7] basedpreconditionersareeffectivefor singleprocessorscomputationalframework. However, for parallel
framework, its useis mainlylimited asit incurshighparallelcommunicationoverheadsimilar to thatof directsolvers,
andin particularfor the finite elementedge-basedDD framework. The polynomialpreconditioners[9] aresimple,
yet efficient andeffective methodsfor efficient parallel iterative solvers. Polynomialpreconditioningmethodshas
beeninvestigatedin literature[5, 7,9–16]. In parallel framework, polynomialpreconditioningmethodsaremainly
associatedwith row partitioningof thematrixof thelinearsystem.

In this paper, anefficient parallelfinite element-baseddomaindecompositionGMRESsolver in conjunctionwith
polynomialpreconditioningis presented.Thedistinguishingfeaturesof theproposedapproachis thatit circumvents:
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i) the assemblyof the finite elementcoefficient matrix andpreconditionerassociatedwith subdomaininterface,ii)
reorderingof amatrixto gainparallelperformance,iii) redundantcomputationsassociatedwith theinterfaceelements,
andiv) numericalproblemsassociatedwith local ILU(k) suchassingularitypreconditioner. This resultsin a dramatic
reductionin theparalleloverheadboth in termsof computationandcommunicationandresultsin a highly scalable
solver. Theflexible GMRESwith Neumannseriesandgeneralizedleast-squarespolynomialpreconditioner[15] are
employedherefor large-scalestatic2ndorderelasticityandelastodynamicsproblemsonanIBM SP2andSGIOrigin
to illustratetheeffectivenessandparallelperformanceof theproposedapproaches.

Theremainderof thispaperis organizedasfollows. In Section2 thesequentialpreconditioningtechniqueswith fo-
cusonpolynomialpreconditioningmethodsfor theirsubsequentparallelformulationis presented.Section3 discusses
theparallelimplementationof a finite elementbaseddomaindecompositionflexible GMRESsolver followedby the
discussionson parallelimplementationof a flexible GMRESsolver for row-baseddomaindecompositiontechniques
in Section4. In Section5 the communication/computationcomplexity of the finite element-basedandnode-based
flexible GMRESis briefly discussedto highlight the advantagesof the finite element-baseddomaindecomposition
basedsolver. In Section6, theconvergenceandparallelperformancefor staticanddynamicproblemsemploying the
presentparallelpolynomialpreconditioningflexible GMRESis providedfollowedby conclusionsin Section7.

2 PreconditionedIterati veSolvers

In this section,the commonlyusedpreconditioningtechniqueswith particularattentionto the polynomialprecon-
ditioning methodsarepresented.The polynomialpreconditioningtechniquessuchas the Neumannseriesand the
generalizedleast-squares(GLS) methodsarediscussed.Theconstructionandfactorsaffectingthenumericalstabil-
ity of thesepolynomialpreconditionersarealsodiscussed.An importantpre-processingtechniquesuchasdiagonal
scalingto effectively apply thepolynomialpreconditioningis alsodiscussedwhich is subsequentlyemployedin the
parallelimplementationof bothelement-andnode-basedpartitioningbasedstrategies.

2.1 Preconditioning methods

Implicit finite elementcomputationsin severalscientificandengineeringproblemssuchaslinear/nonlinear, staticor
dynamicproblemsrequirestheresultingsolutionof a systemof linearequationssuchas

Ku = f (1)

whereK ∈ℜN×N is a sparsecoefficient matrix,u ∈ℜN is thevectorof unknownsandf ∈ℜN is theloadvectorand
N is thenumberof equations.In thecaseof large-scaleproblems,domaindecomposition(DD) providesanintuitive
yet powerful framework for theparallelformulationof thefinite elementmethod(FEM). If Ω is theoriginalproblem
domainwhich is partitionedinto P sub-domains,thenEq.1 canbewrittenas

{

P
[

s=1

K (s)

}{

P
[

s=1

u(s)

}

=

{

P
[

s=1

f(s)
}

(2)

whereP is thenumberof processors,
S

P

i=1 denotesthe“assembly”operation,K s is thecoefficient matrix,Ks andus

is thesolutionvector, andfs is theright-handsidevectorassociatedwith theeachpartitions. Herepartitioncouldbe
finite-element-nodebasedor finite-element-edgebasedpartition. Theformerleadsto row-partitionof theassociated
matrix. This formsthebasisfor mostof theparallelimplementationsof theiterative solvers[7,17,18]. In this paper
we assumethefinite element-edgebasedparitionandeachsub-domainis mappedinto eachprocessorinvolvedin the
computation.

Therateof convergenceof the iterative algorithmsaregovernedby theconditionnumberof the resultinglinear
systems,which increasesdramaticallyfor finite elementmatricesasthemeshsizedecreases.As a result,anefficient
preconditioneris requiredfor thesolutionof the linearsystemsin Eq. 1. If C is a preconditioner, thenEq. 1 canbe
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transformedinto

CLKu = CLf, (3)

KCRv = f,u = CRv, or (4)

CLKCRv = CLf,u = CRv (5)

whereCL, CR arethepreconditioningmatricessuchthatCLK , KCR andCLKCR areapproximatelyequalto theiden-
tity matrix I . TheEqs.3, 4 and5 arecalledleft-, right- andsplit-preconditioners[7] respectively. In this paper, our
attentionis restrictedto left- andsplit-preconditioners.Serial implementationof the commonlyemployed precon-
ditionersareincompleteLU factorization(ILU(k), wherek is the level of fill-in). For high parallelizability, Sparse
ApproximateInverse(SPAI) anddiagonalpreconditionersarecommonlyused. However, SPAI is not suitablefor
element-baseddomaindecompositionstrategiesanddiagonalpreconditionersarenot effective enoughto reducethe
numberof iterationsfor large-scalecomplex problems.
Diagonalscalingpreconditioneris generallyemployed in the split-preconditioningschemeso as to keepthe sym-
metry of linear systems.It is easyto constructandincur little communicationin its application. However, except
for a few casesof diagonallydominantlinearsystems,diagonalscalingpreconditionercannoteffectively reducethe
numberof iterations.Diagonalscalingoperationincurnocommunicationoverheadandis availablefor element-based
domaindecomposition(EDD) method.In this paper, diagonalscalingpreconditioneris utilized asan indispensable
pre-processingtool for thepolynomialpreconditioner.

Theinterestin polynomialpreconditioners[15] is motivatedby theneedfor simple,yetefficientandeffectivemethods
for efficientparalleliterativesolvers[7] for highperformancecomputers(HPC)suchasvectorandparallelprocessors.
In contrastto ILU, SPAI, etc.polynomialpreconditionersareconstructedonly basedon the thematrixspectrum(i.e.,
eigvaluesof thecoefficient matrix), which is denotedasσ(K). Eventhoughσ(K) is generallydifficult to compute,
Θ, an approximateestimationto it canbe easilyobtained.WhenK is a symmetricmatrix, thenΘ ⊂ ℜ; otherwise
Θ ⊂ C . The accuracy of Θ determinesthe rateof convergenceof the preconditionedsystems.Sincepolynomial
preconditioningwill alwayskeepthesymmetryof linearsystems[15], in this paperwe employ left-preconditioning,
Eq.3, to transformtheoriginal linearsystems,Eq.1, to yield

Pm(K)Ku = Pm(K)f (6)

wherePm(K) is a polynomialin K with degree≤m. It hasbeenshown in [15] that,if Pm(λ) is constructedsuchthat

min
Pm∈℘m[Θ]

‖1−λPm(λ)‖ (λ ∈ Θ) (7)

where℘m[Θ] is thesetof m-degreepolynomialswhichis valid overΘ, and‖.‖ representsaspecificnorm,namely, the
uniformnormor quadraticnorm,thenaboundontheconditionnumber[7] of thepreconditionedsystems,κ(Pm(K)K),
is minimized.

In this paperthe coefficient matrix A is assumedto be symmetric. The difficulty in applyingthe polynomialpre-
conditionerlies in the estimationof the spectrumof coefficient matrix. This can be easily achieved by a simple
pre-processingtechniquethatmapsthespectrumof thecoefficient into a predeterminedinterval. This is discussedin
thenext section.

2.1.1 Diagonalscaling

Scalingis anessentialpre-preprocessingtechniqueappliedto Eq.1 beforethepolynomialpreconditioningstage.An
appropriatescalingoperationis essentialfor readyapplicationof the polynomialpreconditioner. Besidesreducing
theconditionnumberof linearsystems,it restrictsthespectrumof thecoefficient matrix σ(A) into a pre-determined
interval.
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Figure1: Residualpolynomialof theNeumann-seriespreconditioner.

Theorem1 LetK = [k1,k2, · · · ,kN]T ∈ℜN×N beanirreduciblematrixandassumethatλmax is thelargesteigenvalue
of K, then

λmax ≤
N

max
i=1
‖k i‖1, k i ∈ℜN (8)

where‖k i‖1 = ∑N
j=1 | ki, j | is calledthediscreteL1 normof vectork i .

For theproofsof theabovetheorem,thereaderis referredto theGershgorintheorem[7]. Givena linearsystem,Eq.1,
considerK = [k1,k2, · · · ,kN]T , and

D = diag(
1√
d1

, . . . ,
1√
dN

) (9)

where

di = ‖k i‖1 =
N

∑
j=1
| ki, j | (10)

Then,theEq. 1 canbetransformedinto
Ax = b (11)

whereA = DKD , b = Df andx = Du. Accordingto Theorem1, it follows that

σ(A)⊂ (0,1) (12)

This enablestheconstructionof thepolynomialpreconditionerfor Eq.11suchthatΘ = (0,1). In the following two
sub-sections,theNeumannseriesandthegeneralizedleast-squarespreconditioningpolynomialarediscussed.
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2.1.2 Neumannseriespolynomial preconditioner

TheNeumannpolynomialpreconditioneris the simplestpolynomialpreconditionerandit originatesfrom thebasic
algebraicrelation

1
1−λ

=
∞

∑
i=0

λi ∀ | λ |< 1, λ ∈ℜ (13)

Thefollowing theoremmaybeusedin theconstructionof apolynomialapproximationto theinverseof thecoefficient
matrixA.

Theorem2 Let G ∈ ℜN×N, then∑∞
k=0 Gk convergesif and only if ρ(G) < 1 where ρ(G) is the spectral radiusof

matrix G. Then,it readilyfollowsthat
∞

∑
k=0

Gk = (I −G)−1 (14)

Let ωA ≡ I − (I −ωA) andG = (I −ωA) whereω ∈ℜ is thescalingfactor. Then,from Theorem2, the inverse
of any coefficient matrixA is givenby

A−1 = ω(I −G)−1. (15)

In Eq.15ω canbeadjustedsothatρ(G) < 1. Thenit follows thatA−1 maybeapproximatedasfollows:

A−1 = ω(
∞

∑
i=0

Gi)≈ ω(I +G+ · · ·+Gm−1) (16)

SincethepreconditionermatrixPm(A)≈ A−1, from Eq.16 it follows that,thepreconditionerPm(A) is givenby

Pm(A) = ω(I +G+G2+ · · ·+Gm) (17)

In practical implementations,ω would be determinedaccordingto the characteristicsof A. For example, if A
is symmetricpositive definite then one can selectΘ = (0, h̄). Figure 1 shows that the residualpolynomials(1−
λPm−1(λ)),m= 5,6,7 is approximatelyequalto zeroin theinterval Ω = (0,30).
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2.1.3 Generalizedleast-squarespolynomial preconditioner

The generalizedleast-squares(GLS) polynomialpreconditioningis preferableto otherpolynomialpreconditioning
methods(i.e.,Neumannseries,least-squares,Chebyshev etc.)dueto its highapplicationflexibility andlow construc-
tion cost. For GLS polynomialpreconditioningmethod,Θ is definedasa union of an arbitrarynumberof disjoint
intervalsof thespectrum,i.e.,

Θ =
NI
[

k=1

(ℓk, h̄k),0 /∈ Θ and

ℓ1 < h̄1 ≤ ℓ2 < h̄2≤ ·· · ≤ ℓNI < h̄NI ,

(18)

whereNI is thenumberof intervalsin whichtheeigenvalueof thecoefficientmatrixK lies. Therefore,theGLSmethod
can be a generalmethodof solving symmetriclinear systemsincluding both symmetricindefinite andsymmetric
positivedefinitesystems.
OnceΘ is determined,theGLSpolynomialpreconditionercanbeconstructedsuchthat

min
Pm∈℘m[Θ]

‖1−λPm(λ)‖w, λ ∈ Θ (19)

where‖.‖w representstheweightedquadraticnorminducedby the innerproduct〈 f ,g〉w =
R

Θ f (λ)g(λ)w(λ)dλ and
w(λ) is anon-negativeweightfunctionover theinterval Θ. Thekey to theaboveleast-squaresproblem,Eq. 19, is the
constructionof asequenceof orthogonalpolynomials.Givenaseriesof orthogonalpolynomialsequence{λφ i(λ)}mi=0
with respectto theinner-product〈,〉w [15] asabasis,thentheleast-squaresproblem,Eq. 19,canbereadilyconstructed
via

Pm(λ) =
m

∑
i=0

µiφi(λ), (20)

whereµi = 〈1,λφi(λ)〉w. As a result,thepolynomialpreconditioningcanbecomputediteratively as

Pm(A)v =
m

∑
i=0

µiφi(A)v. (21)

In thiswork theorthogonalpolynomialsequence{λφi(λ)}mi=0 is efficiently constructedusingChebyshev polynomials
[15] embeddedin theStieltjeprocedurevia thethree-termrecurrencerelationship.Thestorageandtime costfor this
operationis negligiblecomparedto ILU, SPAI, etc.For moredetailedinformationaboutthesequentialimplementation
of thepolynomialpreconditioner, thereaderis referredto [15].
Figure2 (a),(b) and(c) show the graphsof the residual1− λPm(λ) for the GLS polynomialpreconditioningwith
respectto differentΘ andm. It canbe readily shown that, if Θ ≈ σ(K), thenPm(K)K ≈ I leadingto an efficient
preconditioner. For theiterativesolvers,thepolynomialpreconditioningstep

z = Pm(A)v (22)

reducesto a set of m matrix-vectorproductoperationsinsteadof incompletefactorizationfollowed by backward
andforward solve operations.In sucha case,the only requirementthat needsto be satisfiedis the stability of the
preconditioner, which is discussedin thefollowing section.

2.2 Stability of polynomial filtering

Let ε bethemachineprecision(roundoff unit) andlet

Pm(A)v =

( m

∑
i=0

ǎiA i
)

v (23)
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Let zf l = Pm(A)v satisfythefloatingpointarithmetic,andz = Pm(A)v betheexactvalue.Thenit followsfrom [16],

‖zf l −z‖2≤mε
m

∑
i=0

| ǎi | . (24)

The inequalityEq. 24 indicatesthat thestability of thepreconditioningoperationPm(A)v mainly dependson m, the
degreeof the preconditioningpolynomialPm andthe sumof the absolutevaluesof the coefficients of the polyno-
mial. Figure3 shows the norm, Eq. 24, of variousPm(λ) with increasingdegreeof polynomialm for Θ = (0,1)
andΘ = (−4,−1)∪ (7,10). It canbeseenthat, for theGLS polynomialpreconditioning,theaccumulatederror in-
creasesdramaticallyasthedegreeof polynomialincreases.It is clearthatfor all practicalpurposesthedegreeof the
polynomialshouldberestrictedto lessthan10.

2.3 Sequentialflexible GMRES

In thispaper, thegeneralizedminimal residualsolver is chosendueto its generalapplicabilityto a widevarietyof ap-
plicationsincludingproblemsarisingin numericalformulationsof structuralmechanicsapplications.To formulatethe
parallelGMRESfor theEDD strategy, thestandard(sequential)descriptionis givenfirst. For thepre-processedlinear
equations,Eq. 11, theGMRESsolutionprocessis essentiallya least-squaresprocess,[7] which maybeexpressedas
follows:

min
xs=x0+K (A,r0)

‖b−Axs‖2 (25)

andK s(A, r0)≡ span{r0,Ar 0,A2r0, · · · ,As−1r0} whereK s(A, r0) is ans-dimensionalKrylov subspace[7], andr 0 =
b−Ax0 is theinitial residualemploying x0 astheinitial approximationto therequiredsolution.TheGMRESsolves
Eq.25by constructingan orthonormalbasis{v1,v2, · · · ,vs} for K s(A, r0) usingthe Arnoldi algorithm[7] andthen
finding the optimum solution basedon this basis. In this papera variantof the GMRES which is known as the
flexible GMRES(FGMRES)[7] is employed. This variantpermitstheeasyconstructionof differentpreconditioners
at requiredstagesin the iterative processof theGMRESsolver. FGMRESdiffers from GMRESin that thesolution
updatesareconstructedusingthepreconditionedvariablez j insteadof basisv j . Thesequentialimplementationof the
FGMRESis describedin Algorithm 1.

Algorithm 1 SequentialflexibleGMRESwith restartandpreconditioner

(1) Start: choose x0, m̆
(dimension of the Krylov subspace),

setup (m̆+1)-by-m̆ matrix H̃.

(2) Ar noldi process:
(3) r0 = b−Ax0; β = ‖r0‖2; v0 = r0/β;
(4) FOR j = 0, · · · ,m̆−1 DO until convergence

(5) zj = Cv j;

7
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Figure4: Non-overlappingfinite element-baseddomaindecomposition.

(6) v j+1 = Az j

(7) FOR (i = 0, · · · , j) hi, j = 〈v j+1,vi 〉;
(8) FOR (i = 0, · · · , j) w j = w j −hi, j vi;

(9) hj+1, j = ‖v j+1‖2; v j+1 = v j+1/hj+1, j;

(10) ENDFOR

(11) Define Z j = [zi , · · · ,zj ] and

H̃ j = {hi,k} (0≤ i ≤ k+1,0≤ k≤ j);
(12) Compute the approximate solution:
(13) x j = x0 +Z j y j

such that y j = argminy‖βe1− Ĥ j y‖2;
(14) Restart: IF (not convergent) x0 = x j and

GOTO (2);

Fromtheabovediscussionsit is clearthatthepolynomialpreconditionerhasa significantpotentialto many practical
problems. However, for it to be readily employed for finite elementapplicationsinvolving large scaleproblems
an efficient parallel implementationis required. In the next section,an efficient implementationof the polynomial
preconditioningbasedGMRESfor finite element-basedpartitioningis presented.This is followed by the parallel
implementationfor row-partitioningof thematrix thatresultsdueto thefinite elementnode-basedpartitioning.

3 Finite element-baseddomain decompositionbasedGMRES

In thissection,thedistributedformulationof linearsystems,Eq.1, arisingfrom non-overlappingfinite element-based
domaindecompositionstrategy is discussed.Typical stepsinvolved in finite element-baseddomaindecomposition
computationarelisted in Algorithm 2 for illustration. The time-consumingkernelsin iterative methodsrequirean
efficient implementationwhichdependson threebasicoperations.Thesearevectoroperationsnamely, vector-update
andinner-product,matrix-vectorproduct,andthepreconditioningsolverphase.This is followedby norm-1diagonal
scalingtechniquein conjunctionwith thepolynomialpreconditionedFGMRESdiscussednext.

Algorithm 2 Finite element-baseddomaindecompositionmethod

(1) Discretize the domain;

(2) Partition Ω into P non-overlapping

sub-domains in terms of element;

(3) Compute elemental stiffness matrix K e;

8



(4) Compute sub-domain stiffness matrix

K (s) from Ke;

(5) Apply boundary condition over ∂Ω(s) \Γ;
(6) Solve the system of equations employing

preconditioned GMRES solver;

3.1 Data structur esand computational kernels

3.1.1 Data structur esfor Matrix/v ector operations

Thefollowing two definitionsarerequiredfor a furtherdiscussion.

Definition 1 A globalvariable, vectoru or matrixK in a local distributedformatis denotedby ú(s) andḰ (s) if it only
containsthelocal data.

Definition 2 A global variable, vectoru or a matrix K in a globaldistributedformatis denotedas û(s) andK̂ (s) if it
containsthedatathataresameat thesub-domaininterfaces.

Thesedefinitionsareexplainedas follows. Considera 1-D finite elementtrussproblemmadeof two elementsas
shown in Figure5(a). It followsthataglobalvectoru canbeformulatedasglobaldistributedvectorsû(s) (s= 1,2) or
local distributedvectorú(s) (s= 1,2). In addition,Figure5(b) shows thattheglobaldistributedvectorsstorethefull
valueof theglobalvectoru with respectto thesubdomains, while the local distributedvectorcontainsthedataonly
attributedto thelocalelementsin thesub-domains. It shouldbenotedthat ú(s) 6= û(s).

Let Bs∈ℜNs×N representanunsignedbooleanmatrixwhichmapstheglobalvectorinto thesub-domains. It follows
that

û(s) ≡ Bsu; and u≡
P

∑
s=1

BT
s ú(s) (26)

A localdistributedvectorú(s) canbeconvertedinto a globaldistributedvectorû(s) through

û(s) ≡ Bs

P

∑
s=1

BT
s ú(s) (27)

This operationcanbeefficiently implementedby restrictingthecommunicationcontext within theneighboringsub-
domainsof s representedas

û(s) =⊲⊳
∂Ωs

∑ ú(s) (28)

where∂Ωs is theinterfaceof thesub-domains. Herewe referto this operationasa nearestneighborcommunication
[6]. For detailsof the implementationthereaderis referredto [6]. Analogousto vectors,a globalstiffnessmatrix K
alsoconsistsof aseriesof globaldistributedsub-matriceŝK (s) or aseriesof localdistributedsub-matriceśK (s). Again,
referringto the 1-D trussproblem(Figure5(a)), theglobalstiffnessmatrix K , the local distributedstiffnessmatrix,
Ḱ (s) (s= 1,2), andK̂ (s) (s= 1,2) which is theglobaldistributedstiffnessmatrixaregivenby

K =
A E

l





1 −1 0
−1 2 −1

0 −1 1



 (29)

Ḱ (1) =
A E

l

[

1 −1
−1 1

]

, Ḱ (2) =
A E

l

[

1 −1
−1 1

]

(30)

K̂ (1) =
A E

l

[

1 −1
−1 2

]

, K̂ (2) =
A E

l

[

2 −1
−1 1

]

, (31)
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Figure5: Data-structurefor EDD strategy.

wherel is theelementlength,A is crosssectionalarea,andE is Young’smodulus.It is clearthat,in thegeneralcase,

K̂ (s) = BT
s KB s; and K =

P

∑
s=1

BT
s Ḱ (s)Bs (32)

HereK is theglobalstiffnessmatrix for a domainΩ with homogeneousNeumannboundaryconditionson theinner
boundaries∂Ω.

3.1.2 Vector, matrix-v ector and preconditioningsolver operations

In the implementationof iterative methodsfor thesolutionof a linearsystemof equations,four basiccomputational
kernels,namely, the vectorupdate,inner-product,matrix-by-vectorproductandpreconditioningare needed.This
sectiondiscussestheirefficient implementationfor element-baseddomaindecomposition.
Vector operations
Vectorupdatesdonot requireany communicationandtheleft-hand-sidevectorcanbealwaysdeterminedby thelocal
quantities,i.e.,DAXPY (y← αx+y) is accomplishedvia y(s)← αx(s) +y(s),s= 1,2, · · · ,P .

Theinnerproductoperation〈x,y〉 wherex,y ∈ℜN, is

〈x,y〉 = 〈∑Ps=1Bsx́(s),∑Ps=1Bsý(s)〉
= ∑Ps=1(ý

(s))T(BT
s ∑Ps=1Bsx́(s))

= ∑Ps=1〈ý(s), x̂(s)〉
(33)

Similarly, it canbeshown that

〈x,y〉=
P

∑
s=1

〈x́(s), ŷ(s)〉 (34)

It thenfollows from Eq.33 and34 that if bothx andy arestoredin a local distributedformat,thenγ = 〈x,y〉 canbe
computedvia







(1) ŷ(s) =⊲⊳ ∑∂Ωs ý(s)

(2) γ(s) = 〈x́(s), ŷ(s)

(3) γ = ∀∑γ(s)
(35)

Matrix-by-v ector operation
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Thematrix-vectoroperationy← Kx , wherex,y ∈ℜN andK ∈ℜN×N, is theonly stiffness-matrix-relatedsubroutine
in this implementation.Since

Kx = (
P

∑
s=1

BT
s Ḱ (s)Bs)(

P

∑
s=1

BT
s x́(s))

=
P

∑
s=1

BT
s Ḱ (s)x̂(s)

(36)

thenstoringy in a localdistributedformatsuchthaty≡ ∑Pi=1BT
s ý(s), it follows that

ý(s) = Ḱ (s)x̂(s) (37)

Preconditioning
Theapplicationof thepreconditioningis similarto thatof amatrix-vectorproduct.If thepreconditionerC, is available
in a local distributedmatrix format, C(s), then C = (∑Ps=1BT

s C(s)Bs). It readily follows that, the preconditioning
operationcanbewrittenas

w = Cu = (
P

∑
s=1

BT
s Ć(s)Bs)(

P

∑
s=1

BT
s ú(s))

=
P

∑
s=1

BT
s (Ć(s)Bs

P

∑
s=1

BT
s ú(s))

(38)

This impliesthat

w(s) = Ć(s)Bs

P

∑
s=1

BT
s ú(s) = Ć(s)û(s) (39)

Notethat,it is assumedthata preconditioneris availablein eachprocessorwhich doesnot neednearestneighboring
or globalcommunicationfor its construction.

3.2 Parallel implementation

In thissection,theparallelimplementationof thediagonallyscaledpolynomialpreconditionedflexibleGMRESsolver
employing thepreviouslydiscusseddatastructuresandcomputationalkernelsis presented.

3.2.1 Norm-1 Diagonal-scaling

If theoriginalproblemis partitionedaccordingto thefinite element-baseddomaindecomposition,thenEq.2 in terms
of thelocaldistributedformatyields

{

P
[

s=1

Ḱ (s)

}{

P
[

s=1

ú(s)

}

=
P

[

s=1

f́(s) (40)

The partition K = [k1,k2, · · · ,kN]T describedin the Theorem1 in termsof local distributed format yields Ḱ (s) =

[k(s)
1 ,k(s)

2 , · · · ,k(s)
Ns

]T . Let norm-1diagonalscalingmatrix D beformulatedin theglobaldistributedformat, i.e., D =
S

P

s=1 D̂(s). Then

D̂(s) = diag(1/

√

d̂(s)
1 , . . . ,1/

√

d̂(s)
Ns

) (41)

where

ˆ
d(s)

i = ⊲⊳
∂Ωs

∑ d́(s)
i (42)

d́(s)
i = ‖k(s)

i ‖1 =
Ns

∑
j=1

| k(s)
i, j | (43)

Eqs.41and43canbereadilycomputedusingthefollowing algorithm.
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Algorithm 3 Constructionof DiagonalScaling

(1) FOR (i = 1,2, · · · ,Ns) d́(s)
i = ‖ḱ(s)

i ‖1;

(2) assign d́(s) = [d́(s)
1 , · · · , d́(s)

Ns
]T;

(3) d̂(s) =⊲⊳ ∑∂Ωs d́(s);

(4) FOR (i = 1,2, · · · ,Ns) d̂(s)
i = 1

√

d̂
(s)
i

;

Employing Algorithm 4, thenorm-1diagonalscalingmatrixD cantransformEq.40 into a linearsystem:
{

p
[

s

Á(s)

}{

p
[

s

x́(s)

}

=
p

[

s

b́(s), (44)

whereÁ(s) = D̂(s)Ḱ (s)D̂(s), x́(s) = D̂(s)ú(s) andb́(s) = D̂(s) f́(s). Thepolynomialpreconditionedsolversbasedonnorm-1
diagonalscalingis describedby thealgorithmbelow:

Algorithm 4 Applicationof DiagonalScaling

(1) Á(s) = (D̂(s))T Ḱ (s)D̂(s);

(2) f́(s) = (D̂(s))T f́(s);
(3) Construct preconditioning polynomial Pm

with Θ = (0,1);

(4) Solve (
Sp

s A(s))(
Sp

s x́(s)) =
Sp

s b(s) using

EDD-FGMRES with preconditioner Pm(A);

(5) ú(s) = D̂(s)x́(s);

BasedonassumptionthatΘ = (0,1), aparallelpolynomialpreconditionedFGMRESfor Eq.44 is formulatedand
describedbelow.

3.2.2 FGMRES for element-basedpartitioning

FollowingAlgorithm1 andthecomputationalkernelsdescribedabove,thefinite element-baseddomaindecomposition
flexible GMRESsolver for thesystemof equations,Eq.44,canbereadilyderivedwhich is listedin Algorithm 5.

Algorithm 5 Restarted,polynomialpreconditioned(Pm) EDD-GMRES:

(1) PART1: Initialization

(2) choose x́(s)
0 ,

m̆ (dimension of the Krylov subspace);

convergent = FALSE;

(3) PART2: Ar noldi process

/* SECTION 2.1: Formulate ´v(s)0 */

(4) ŵ(s) =⊲⊳ ∑∂Ωs x́(s)
0 ;

(5) v́(s)
0 = b́(s)− Á(s)ŵ(s);

(6) ŵ(s) =⊲⊳ ∑∂Ωs v́(s)
0 ;

(7) β = (∀∑Ω〈ŵ(s), v́(s)
0 〉)

1
2 ;

(8) v́(s)
0 = v́(s)

0 /β;
/* SECTION 2.2:

Classical Gram-Schmidt process */

(9) FOR j = 0, · · · ,m̆−1 DO

(10) /* preconditioning Algorithm 7 */

ź(s) ← Pm(Á(s))v́(s)

(11) ŵ(s) =⊲⊳ ∑∂Ωs ź(s)
j ;

(12) /* matrix-vector product */

v́(s)
j+1 = Á(s)ŵ(s)

(13) ŵ(s) =⊲⊳ ∑∂Ωs v́(s)
j+1;

(14) FOR (i = 0, ..., j) hi, j = ∀∑Ω〈ŵ(s), v́(s)
i 〉;

(15) FOR (i = 0, ..., j) v́(s)
j+1 = v́(s)

j+1−hi, j v́
(s)
i ;
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(16) ŵ(s) =⊲⊳ ∑∂Ωs v́(s)
j+1;

(17) hj+1, j = (∀∑Ω〈v́(s)
j+1,ŵ

(s)〉)
1
2 ;

/* hj+1, j = ‖v́(s)
j+1‖2 */

(18) IF h j+1, j ≤ ε THEN

(19) convergent = TRUE; BREAK;

(20) ENDIF

(21) /* normalize v́(s)
j+1 */

v́(s)
j+1 = v́(s)

j+1/hj+1, j;

(22) ENDFOR

/* SECTION 2.3: Formulate Krylov

subspace (spanned by {z j}
m
j=1)

and Heisenberg matrix H̃m*/

(23) Define Z(s)
j = [ź(s)

0 , · · · , ź(s)
j ] and

H̃ j = {hi,k} (0≤ i ≤ k+1,0≤ k≤ j);
(24) PART3: Compute the approximate solution:

(25) x́(s)
j = x́(s)

0 +Z(s)
j y j such that

y j = argminy‖βe1− H̃ j y‖2;
(26) PART4: Restart:
(27) IF (not convergent) THEN

(28) x́(s)
0 = x́(s)

j ; GOTO (3);

(29) ENDIF

A typical Arnoldi iterationconsistsof ˘m Gram-Schmidtloopswhere ˘m is the dimensionof the Krylov subspace.
Thereforefor ˘m Gram-Schmidtcomputations,thereareO ( ˘m2) inner-productsto form theHeisenberg matrix H̃ ˘m. A
naive implementationwill resultin O ( ˘m2) collective communications.This overheadwill increaseasthenumberof
processorsincreasesasthecollectivecommunicationoverheadis O (logP ). Therefore,anefficient implementationis
requiredwhich is achievedby restrictingthis overheadto O ( ˘m) collective communicationsin statement14 of Algo-
rithm 5.

In theAlgorithm 5, for eachArnoldi iterationin thestatements9-24,thereexist threenearestneighborcommunication
operations⊲⊳ ∑∂Ωs namely, statements13, 15 and18. In orderto enhancetheparallelscalabilityof theAlgorithm 5
further, theseoperationsshouldbeminimized. This canbeachievedby introducingpreconditioningvectorsz in the
globaldistributedformatinsteadof thebasisvectorsin theglobaldistributedformat.Thisreducesthenearestneighbor
communicationoperationto oneinsteadof three.Thedetailsof this enhancedparallelGMRESsolver is describedin
Algorithm 6.

Algorithm 6 EnhancedEDD-FGMRESwith restartandpreconditionerPm:

(1) PART1: Initialization

(2) choose x̂(s)
0 ,

m (dimension of the Krylov subspace);

convergent = FALSE;

(3) PART2: Ar noldi process

/* SECTION 2.1: Formulate v́(s)
0 */

(4) v́(s)
0 = b́(s)− Á(s)x̂(s)

0 ;

(5) v̂(s) =⊲⊳ ∑∂Ωs v́(s)
0 ;

(6) β = (∀∑Ω〈v̂(s)
0 , v́(s)

0 〉)
1
2 ;

(7) v́(s)
0 = v́(s)

0 /β; v̂(s)
0 = v̂(s)

0 /β
/* SECTION 2.2:

classical Gram-Schmidt process */

(8) FOR j = 0, · · · ,m̆−1 DO until convergence

/* polynomial preconditioning Algorithm 7 */

(9) ź(s)
j ← Pm(Á(s))v́(s)

j ;

(10) ẑ(s)
j =⊲⊳ ∑∂Ωs ź(s)

j ;

(11) /* matrix-vector product */

v́(s)
j+1 = Á(s)ẑ(s)

j ;

(12) v̂(s)
j+1 =⊲⊳ ∑∂Ωs v́(s)

j+1;
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(13) FOR (i = 0, ..., j) hi, j = ∀∑Ω〈v̂(s)
j+1, v́

(s)
i 〉;

(14) FOR (i = 0, ..., j) DO

(15) v́(s)
j+1 = v́(s)

j+1−hi, j v́
(s)
i ;

(16) v̂(s)
j+1 = v̂(s)

j+1−hi, j v̂
(s)
i ;

(17) ENDFOR

/* Gram-Schmidt process */

(18) hj+1, j = (∀∑Ω〈v́(s)
j+1, v̂

(s)
j+1〉)

1
2 ;

(19) IF h j+1, j ≤ ε THEN

(20) convergent = TRUE; BREAK;

(21) ENDIF

(22) v́(s)
j+1 = v́(s)

j+1/hj+1, j; v̂(s)
j+1 = v̂(s)

j+1/hj+1, j;

(23) ENDFOR

/* SECTION 2.3:

Formulate Krylov subspace

(spanned by {z j}
j
k=1)

and Heisenberg matrix H̃ j */

(24) Define Z(s)
j = [ẑ(s)

0 , · · · , ẑ(s)
j ] and

H̃ j = {hi,k} (0≤ i ≤ k+1,0≤ k≤ j);
(25) PART3: Compute the approximate solution:

(26) x̂(s)
j = x̂(s)

0 +Z(s)
j y j

such that y j = argminy‖βe1− H̃ j y‖2;
(27) PART4: Restart:
(28) IF (not convergent) THEN

(29) x̂(s)
0 = x̂(s)

j ; GOTO (3);

(30) ENDIF

3.2.3 Polynomial Preconditioning

The necessarypolynomial preconditioningoperation,in the Algorithm 5,line 10, and Algorithm 6, line 10, the
Neumann-seriespolynomial preconditioningis describedbelow. The applicationof the generalizedleast-squares
polynomialpreconditioning(whoseconstructionis discussedin [15] is formulatedin a similarmanner.

Algorithm 7 EDD NeumannSeriesPolynomial Preconditioning ź(s)← Pm(Á(s))v́(s) . m andΘ = (0, h̄) are input
parameters.

(1) ω = 1
h̄;

(2) ŵ(s) =⊲⊳ ∑∂Ωs v́(s);

(3) ź(s) = v́(s)−ωÁ(s)ŵ(s);

(4) FOR (i = 1,2, · · · ,m) DO

(5) ź(s) = ź(s) + v́(s);

(6) ŵ(s) =⊲⊳ ∑∂Ωs ź(s);

(7) ź(s) = ź(s)−ωÁ(s)ŵ(s);

(8) ENDFOR

(9) ź(s) = ω(v́(s) + ź(s));

Alternative preconditioningmethodssuchas ILU and SPAI may facedrawbacksfor finite elementbaseddomain
decompositionmethods.For example,theincompleteILU preconditionerin thelocaldistributedformatcomputedvia

(C(s))−1≡ L (s)U(s) = Ḱ (s) (45)

mayoccasionallysuffer from singularityof Ḱ (s). In structuralmechanics,if sub-domains doesnot containsufficient
numberof Dirichlet boundaryconditionssuchthatit “floats”, thenḰ (s) will besingular.

14



Ω1 Ω2

Ω4Ω3

(a) Finite element-nodebasedpartitioning

K1

Κ2

Κ3

Κ4

v1

v2

v3

v4

(b) Associatedmatrix row partition

Figure6: Storageformatof row-basedomaindecompositionlinearsystems.

4 Row-basedPartition Strategy

For the finite elementmethod,if a node-basedpartitioningis employed (seeFig. 6(a)), thenthe associatedmatrix
partitioningis a block row partitioning(seeFig. 6(b)). Efficient parallel implementationof iterative solversbased
on block row partitioningof the matrix are implementedin many popularlibrariessuchassuchaspARMS [19],
PSPARSLIB [18], Aztec[20], etc.To comparetheseimplementationswith thefinite elementbaseddomaindecompo-
sitionbasedGMRESdescribedpreviously, therow-basedpartitioningimplementationis presentedin thissection.

4.1 Data structur esand computational kernels

4.1.1 Data structur es

Row-baseddomainpartitioningprovidesa solutionmethodfor a generalpurposelinearsystemof equations.Using
specificgraphmethods[21], thedegreesof freedom(d.o.f)andassociatedequations(rowsof thestiffnessmatrix)are
partitionedandassignedto differentprocessors.Referringto Figure6, let theoriginal domainbepartitionedinto P
nodallydisconnectedsub-domains.Then

K̄ (s) = BsK ; and ū(s) = Bsu (46)

It is clearfromtheaboveequations,thatthematrixandvectorsresultingduetofinite elementnode-basedpartitioningis
therow partitioningof theglobalmatrixandvectors.Hencethematrixandvectorsarealwaysin theglobaldistributed
format.

4.1.2 Vector, matrix-v ector, preconditioningoperations

Similar to the element-basedpartitioning,the node-basedpartitioningalsorequiresthreebasicoperations,namely,
vector, matrix-vectorproduct,andpreconditioningoperations.
Vector operations
As in theelement-basedalgorithm,thevectorupdateoperationsfor theRDD strategy donotrequireany interprocessor
communications.Theinnerproduct

〈x,y〉=
P

∑
s=1
〈x̄(s), ȳ(s)〉 (47)
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Figure7: Structuresof thefinite elementrow-basedpartitioning

is accomplishedby a local innerproductoperationin eachprocessorfollowedby a collective all reducecommunica-
tion.

Matrix-v ector operations
TheMatrix-vectorproductoperationof row-basedpartitioningis relatively morecomplex thanthatof element-based
partitioningbecausethelocald.o.fandtheassociatedequationsneedto bede-coupled.

Figures7(a)and7(b)distinguishesthreetypesof DOFsfor row-basedlinearsystemsinto interiorDOFs(x(s)
loc), internal

interface(x(s)
bnd) andexternal interfaceDOFs(x(s)

ext) [7, 19]. Further, as illustratedin Figure7(a) and7(b), the local

equationsare alsode-coupledinto two components,namely, the local matricesK̄ (s)
loc and K̄ (s)

ext . The matrix-vector
productoperationy← Kx canbeaccomplishedby



















scatter x(s)
bnd to neighboring sub−domains;

gather x(s)
ext f romneighboring sub−domains;

ȳ(s) = K (s)
locx̄

(s)
loc;

ȳ(s) = ȳ(s) +K (s)
ext x̄ext ;

(48)

It shouldbenotedthata re-orderingof localDOFsis requiredin orderto achievesatisfactoryparallelperformance.
Preconditionoperations
In [19], additive Schwartz, SchurcomplementandILU methodsareemployed aspreconditionersfor a row-based
linearsystem. Thesemethodsareactuallytheextensionsof theblockJacobimethod[7] whosekernelis to solve the
localsystem

K̄ (s)
locz̄

(s) = v̄(s)

In addition,aneffective implementationof theGLS polynomialpreconditioningis critically assessedin [15]. In the
samemannerastheEDD strategy, afteremploying thenorm-1diagonalscalingasa pre-process,theoriginal linear
systemis transformedinto

{

P
[

s

Ā(s)

}{

P
[

s

x̄(s)

}

=

{

P
[

s

b̄(s)

}

(49)

Here,it shouldberemarkedthat thenorm-1diagonalscalingfor theRDD strategy requiresno inter-processorcom-
munication,while its matrix-vectorproductfor theRDD strategy mayincur morecommunicationoverheadthanthe
EDD strategy.

16



4.1.3 FGMRES for row-basedpartitioning

Following Algorithm 1 andthe computationalkernelsdescribedabove, the finite row-baseddomaindecomposition
flexible GMRESsolver to solve thesystemof equationEq.49canbereadilyderivedwhich is listedin Algorithm 8.

Algorithm 8 RDD-FGMRESwith restartandpolynomialpreconditionerPm:

(1) PART1: Initialization

(2) choose x̄(s)
0 ,

m̆ (dimension of the Krylov subspace),

setup a (m̆+1)-by-m̆ matrix H̃.

(3) PART2: Ar noldi process

/* SECTION 2.1: Formulate v̄(s)
0 */

(4) v̄(s)
0 = b̄(s)−MatVec(Ā(s), x̄(s)

0 ); (Eq. 48)

(6) β = (∀∑Ω〈v̄(s)
0 , v̄(s)

0 〉)
1
2 ;

(7) v̄(s)
0 = v̄(s)

0 /β;
/* SECTION 2.2:

Classical Gram-Schmidt process */

(8) FOR j = 0, · · · ,m̆−1 DO

(9) /* polynomial preconditioning */

z̄(s)
j = Pm(Ā(s))v̄(s)

j ;

(10) /* matrix-vector product */

v̄(s)
j+1 = MatVec(Ā(s) , z̄(s)

j )

(11) FOR (i = 0, ..., j) hi, j = ∀∑Ω〈v̄(s)
j+1, v̄

(s)
i 〉;

(12) /* Gram-Schmidt process */

FOR (i = 0, ..., j) v̄(s)
j+1 = v̄(s)

j+1−hi, j v̄
(s)
i ;

(13) /* h j+1, j = ‖v̄(s)
j+1‖2 */

hj+1, j = (∀∑Ω〈v̄(s)
j+1, v̄

(s)
i+1〉)

1
2 ;

(14) IF h j+1, j ≤ ε THEN

convergent = TRUE; break;

ENDIF

(15) v̄(s)
j+1 = v̄(s)

j+1/hj+1, j; /* normalize v̄(s)
j+1 */

(16) ENDFOR

/* SECTION 2.3:

Formulate Krylov subspace

(spanned by {zj}
j
j=1)

and Heisenberg matrix Ĥ j*/

(17) Define Z(s)
j = [z̄(s)

0 , · · · , z̄(s)
j ] and

H̃m = {hi,k} (0≤ i ≤ k+1,0≤ k≤ j);
(18) PART3: Compute the approximate solution:

(19) x̄(s)
j = x̄(s)

0 +Z(s)
j yj such that

y j = argminy‖βe1− H̃ jy‖2;
(20) PART4: Restart:

x̄(s)
0 = x̄(s)

j ;

(21) IF (not convergent) THEN GOTO (3);

/* x̄(s)
0 stores the final solution */

5 Comparisonof finite elementand row-baseddomain decomposition

Thecomputationalcomplexity of eachinnerArnoldi processof theGMRESsolver for bothelement-basedandrow-
basedstrategiesaregivenin Table.1. Asymptotically, bothalgorithmshavethesameparallelruntimeTp; makingboth
algorithmsequallyscalableon a wide rangeof parallelarchitecturesfor finite elementanalysis.However, theactual
performancedifferencebetweenthetwo algorithmsdependsupontheactualconstantsassociatedwith complexity of
communicationoverheadfor thenodeandelementgrid partitioneron thesamefinite elementgrid.

In both algorithms,the main operationsaredAXPY operations,vector inner-productscomputationsandmatrix-
vectormultiplication. ThedAXPY operationsdo not involve any communicationoverhead.Thecommunicationtime
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Method Neighborcomm. Globalcomm. mat-vec Inner-product vector-updates
Algorithm 5 m+3 ˘m+1 m+1 O( ˘m) O( ˘m+m)

Algorithm 6 m+1 ˘m+1 m+1 O( ˘m) O( ˘m+m)

Algorithm 8 m+1 ˘m+1 m+1 O( ˘m) O( ˘m+m)

Table1: Communicationandcomputationcostof innerArnoldi processof GMRESsolver ( ˘m is thesizeof Krylov
subspace)

periterationfor a vectorinnerproductdependsonly on thenumberof processorsin use.This time is O (logP ) on the
hypercubeandtheHiPPI switchbasedarchitecture,andO (

√
P ) on a meshbasedarchitecture.In thepresenceof a

fast,hardwaresupportedreduction operationwe canassumethat it is a smallconstant.Hencetheonly performance
betweenelement-basedand row-basedalgorithmslies in matrix-vectorproduct. For element-basedmatrix-vector
multiplication, the communicationonly happensamongthe nearestneighboringprocesses;for row-basedmatrix-
vectormultiplication,moreprocesseswill getinvolvedin communication.
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Figure8: Elementassignmentto differentprocessorsfor nodebasedpartitionmesh.

In finite elementanalysisfor an unstructuredfinite elementmeshthe resultingcoefficient matrix is sparsewith
anirregularsparsitypattern.Earlierwork in sparseparallelmatrix-vectormultiplication[22] concludedthattheeffi-
ciency of suchalgorithmsdependson thedatastructureusedandthesparsitypatternof thematrix K . Furthermore,
a scalableparallelimplementationof a sparsematrix-vectormultiplicationexists for a sparsematrix K providedthat
it is the adjacency matrix of a planar graph 1 G(K) [21]. Sincerow-basedGMRESalgorithmsrequireefficient
parallelmatrix-vectormultiplication,boththesearchdirectioncomputationandthepolynomialpreconditioningcom-
putationwhichincreaseswith thedegreeof polynomialsfor higherorderelementssuchasa4-nodedquadrilateraland
the8-nodedquadrilateral,etc.,it makesG(K) non-planarandthusdeterioratesthescalabilityof parallelimplemen-
tation. Furthermore,in finite elementanalysis,in contrastto the element-basedalgorithmthe row-basedalgorithm
hasthefollowing drawbacks.Referringto Figure8, which shows elementsassignedto eachprocessorfor themesh,
Figure8(a)showsanexamplewhich is partitionedinto threesubdomains.Notethatall theelementssharingtheinter-
facenodesmustbeassignedto theprocessorsto avoid theassemblyof interfacecontribution to theglobalmatrix K
which increasescommunicationoverheaddueto gatheringof entriesof K from theneighboringprocessorsresulting
in duplicateassignmentof theelements.This leadsto two furtherdrawbacks:

1. For large finite elementmeshesandespeciallyfor three-dimensionalproblemsthe computerstoragerequire-
mentsmayincreasedrastically;

2. Thiswill incursignificantredundantfloating-pointsoperationsfor all thenodesassignedto theprocessorswhich
arepartof extraelementsassignedandarenotpartof theoriginalnodesin thatpartition.

It is clearfrom theabovediscussionthatelementdomaindecompositionbasedGMRESalgorithmsseemto besuitable
for generalparallelfinite elementanalysis,especiallyfor unsymmetricmatrices.

1A graphis planarif andonly if it canbedrawn in a planesuchthatno edgescrosseachother. In finite elementanalysis,G(K) is planarfor a
3-nodedtriangularelement.
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6 Numerical Results

In this sectionnumericalresultsfor two dimensional2nd orderelasticityandelastodynamicsproblemsemploying the
presentparallelpolynomialpreconditionersarepresented.

6.1 Problem description

Employing thefinite elementmethodfor solving2ndorderelasticity, resultsin thediscreteequationsystem

Ku = f, (50)

whereK ∈ℜN×N is theglobalstiffnessmatrix,u ∈ℜN andf ∈ℜN arethedisplacementandexternallyappliedload
vectorsrespectively, andN is thenumberof degreesof freedom.Similarly, employing finite elementformulationon
theelastodynamicsequations,resultsin following semi-discreteequationsystem

M
d2u
dt2 +Ku = f; u(0) = u0; u̇ = u̇0, (51)

whereM ∈ ℜN×N is a positive definite massmatrix. Observe that Equation51 is a 2nd orderordinarydifferential
equation.Oncetimemarchingtechniquessuchasthefamily of generalizedintegrationoperators[6] areemployedfor
timediscretization,it resultsin a systemof linearequationsof theform

Mun+1 = [αM + βK ]un+1 = f̂n+1, (52)

whereM is theeffectivestiffnessmatrix,α andβ arefreeparametersassociatedwith specifictimeintegrationmethod,
andn+1 is thecurrenttimestep.For illustration,theEqs.50– 52aresolvedfor atwo-dimensionalcantileverproblem
describedin Fig. 9(a) employing four-nodequadrilateralfinite elements.The parallelflexible GMRESalgorithms
describedpreviously areimplementedusingC andMPI. The finite elementmeshesof increasingproblemsizeare
shown in Table 2 wherenXele×nYele describesthe meshdimensionin the unit of element,nNode is the total
numberof nodesin themeshandnEqn is thedegreesof freedom.Sinceall systemsundergo diagonalscalingprior
to computationof the solution,Θ canbesimply definedasΘ = (ε,1) whereε is the machineprecision.Thevalue
of ˘m (refer to Algorithm 1), the dimensionof the Krylov subspaceis chosento be 25 and convergenceis achieved
when ‖r i‖2

‖r0‖2
≤ tol, wherer i is the i-th residualvector(b−Ax i). Thevalueof tol = 10−6 is chosenin thenumerical

experiments.

6.2 Results

Thenumericalexperimentsfocuson:
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Mesh nXele×nYele nNode nEqn
Mesh1 7×1 16 28
Mesh2 40×8 369 656
Mesh3 40×20 861 1,640
Mesh4 50×50 2,601 5,100
Mesh5 60×60 3,721 7,320
Mesh6 70×70 5,041 9,940
Mesh7 80×80 6,561 12,960
Mesh8 90×90 8,281 16,380
Mesh9 100×100 10,201 20,200
Mesh10 200×100 20,301 40,400

Table2: Finiteelementmeshof increasingnumberof elementsandnodesfor acantileverproblemwhichis employed
for theparallelperformancestudiesfor bothEDD- andNDD-GMRES.

1. Comparisonof polynomialandILU(0) (ILU withoutany fill-in) [7] preconditioners;

2. Convergenceimprovementandthedegreeof polynomialpreconditioners;

3. Parallelspeedupof polynomialpreconditionedEDD-FGMRES.

It shouldberemarkedthat,Θ, thespectrumestimationof thediagonallyscaledlinearsystem(11) is alwaysregarded
to be(0,1) in thefollowing experiments.However, asillustratedin Figure10,makingΘ = (0,1) doesnotnecessarily
leadto optimalconvergenceperformance.
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Figure10: Convergenceof EDD-GMRES-gls(10)versustheestimationaboutσ(A) (Θ).

Polynomial Preconditionervs. ILU(0) ILU preconditioneris consideredto beoneof themostefficient (from the
pointof view of convergenceiteration)sequentialpreconditioningmethod[7]. While Figures11and12illustratethat,
in thecontext of singleprocessor,

GLS(7)≻ ILU(0)≻ Neum(20),

holdsfor both staticanddynamicproblemsof Mesh1 andMesh2. Here“≻” indicates“converge fasterthan”, and
the degreeof polynomialsare given bracket. As a conclusion,the performanceof the GLS and Neumannseries
polynomialpreconditionersis completelycomparableto theILU(0) preconditionerona singleprocessor.
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Hereit shouldbe remarkedthat two small-scalesystemsMesh1 andMesh2 arechosento studytheconvergence
of solversbecauseILU(0) doesnot work for a large-scaleproblemin element-baseddomaindecompositionsetting.
Comparedto polynomialpreconditioners,theILU requiresmorestorage.
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Figure11: ILU(0) versuspolynomialpreconditionerfor staticanalysisaboutcantileverbeamwith pulling loadprob-
lem.

Degree of Polynomial and The Resulting ConvergencePerformance From both the Figures13 and 14, it is
observedthatfor boththestaticanddynamicproblemsof Mesh1 andMesh2,

GLS(20)≻GLS(10)≻GLS(7)≻GLS(3)≻GLS(1),

which impliesthata higherdegreeGLS polynomialpreconditioningmaybring aboutmorereductionof theiteration
numberfor convergence.However, this is not betruefor somerelatively largeproblems.For example,asillustrated
in Table3, GLS(7)performsbetterthanGLS(8),GLS(9)andGLS(10)for thestaticproblemof Mesh7.

Parallel Speedup The resultspresentedin Figure17 andTable3 show that thepolynomialpreconditionedEDD-
FGMRESachievesan acceptablespeedupwhenmultiple processorsare usedon both the IBM-SP2 and the SGI-
ORIGIN machine.Four importantobservationscanbemade.First, theparallelspeedupof thepolynomialprecon-
ditionedFGMRESis relatedto the degreeof the preconditioningpolynomial. Trivially, the higher the degreeof
the preconditioningpolynomial, the moredominantthe matrix-vectorproductwill becomein the whole problem.
Figure 17 (a) shows that for the samekind of problem,EDD-FGMRES-GLS(m) hasbetterparallel speedupthan
EDD-FGMRES-GLS(n) if m> n. In contrast,Figure17 (b) shows thatthevalueof m doesnot influencetheparallel
speedupof theRDD-FGMRES-GLS(m) significantly. Secondly, it is observedvia Figures17 (c) and(d) that,with
theincreasein thedimensionof theproblem,theparallelperformanceachievedwill approacha higherlevel of linear
speedup.This phenomenonis also illustratedin Table3. Thirdly, asshown in Table3, even thoughthe GLS(10)
hasbetterconvergenceperformancethanthe GLS(7), the EDD-FGMRES-GLS(10)hasa significanttime-costthan
the GLS(7) becausein eachiterationthe GLS(10)performsthreeadditionalmatrix-vectorproductoperationsthan
GLS(7).Therefore,a trade-off betweenconvergenceperformanceandCPUtime shouldbemade.

From Figure 17(e) it is clear that our implementationis also highly portable. However, the parallel speedup
dependson theHPCsystemin question.Figure17(e)shows thattheSGI-ORIGINhasa betterparallelperformance
thantheIBM-SP2,whichcanbeattributedto thesharedmemoryarchitectureof theSGI-ORIGINmachineasagainst
thedistributedmemoryarchitectureof the IBM-SP2. In thecasethatonly a small numberof processorsparticipate
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Figure12: ILU(0) versuspolynomialpreconditionerfor dynamicanalysisaboutcantilever platewith pulling load
problem.
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Figure14: Convergenceversusincreasingdegreeof preconditioningpolynomialfor dynamicanalysisaboutcantilever
plateproblem.

in thecomputation,theIBM-SP2hasa highercommunicationoverheadbetweenthecomputingnodesthantheSGI-
ORIGIN.

7 Conclusions

In thispaperanefficient parallelfinite element-baseddomaindecompositionGMRESsolverwith polynomialprecon-
ditioning is presented.

• For singleprocessorcomputations,theconvergenceperformance(in termsof thenumberof iterations)of the
polynomialpreconditionedmethodsarecomparablewith the ILU(0) preconditionedones. Further, for finite
elementbaseddomaindecompositioncomputations,polynomialpreconditioneris a preferablechoiceasit is
cheaperto constructthantheILU(0) preconditioner.

• Thefinite elementbaseddomaindecompositionsolverin conjunctionwith thepolynomialpreconditioning(such
astheNeumannseries,GLS,etc.)circumventsthefollowing operations:

– theassemblyprocessfor associatedcoefficient matrixandpreconditioner;

– reorderingof degreeof freedom;

– redundantcomputationsassociatedwith theinterfaceelements;

– numericalproblemsassociatedwith local ILU(k) preconditioner.

This is unlike in the caseof standardrow-orientedpartitioningstrategies. As a consequence,a dramaticre-
ductionin paralleloverheadboth in termsof computationsandcommunicationsis achieved. Theparallelper-
formanceresultsfor illustrative large-scalestatic/dynamicproblemson theIBM SP2andtheSGI Origin were
presented.
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